We construct Quillen equivalences on the Quillen model categories of rings, modules and algebras over Z-graded chain complexes and HZ-module spectra. A Quillen equivalence of Quillen model categories is the most highly structured notion of equivalence between homotopy theories. We use these equivalences in turn to produce algebraic models for rational stable model categories.
Introduction
The new symmetric monoidal categories of spectra provide settings for doing algebra in the context of stable homotopy theory. Here, spectra take the place of abelian groups and the sphere spectrum, S, which encodes all the stable homotopy classes of maps between spheres, is the initial ring. For any discrete commutative ring R, the associated Eilenberg-Mac Lane spectrum HR is a commutative S-algebra or ring spectrum. The main result of this paper is that the category of HR-algebra spectra, HR-Alg, produces the same homotopy theory as the category of (unbounded) differential graded R-algebras, DGA R . In particular, we define composite functors Φ : DGA Z −→ HZ-Alg and Ψ : HZ-Alg −→ DGA Z , between (unbounded) differential graded algebras and HZ-algebras, which induce this equivalence of homotopy theories for R = Z. Moreover, for any differential graded algebra A, the categories of differential graded A-modules and the ΦA-module spectra have the same homotopy theory and for any HZ-algebra B, the categories of differential graded ΨB-modules and the B-module spectra have the same homotopy. Theorem 1.1.
(1) For any discrete commutative ring R, the model categories of (unbounded) differential graded R-algebras and HR-algebra spectra are Quillen equivalent.
DGA R ≃ Q HR-Alg
(2) For an (associative) differential Z-graded algebra A, there is a Quillen equivalence between differential graded A-modules and ΦA-module spectra.
A-Mod ≃ Q ΦA-Mod
(3) For B an (associative) HZ-algebra spectrum, there is a Quillen equivalence between differential graded ΨB-modules and B-module spectra.
ΨB-Mod ≃ Q B-Mod
Special cases of Theorem 1.1, Parts 2 and 3 have already appeared in the literature. Robinson, in [Rob87] , showed that the homotopy category of A ∞ modules over an Eilenberg-Mac Lane spectrum associated to a discrete ring R is equivalent to the unbounded derived category of R, or the homotopy category of (unbounded) differential graded R-modules. In [EKMM] , this result was reproved in the context of a symmetric monoidal category of spectra where A ∞ modules are replaced by modules. In [SS1, 5.1.6], we strengthened this result by showing that the associated model categories are Quillen equivalent and hence that the whole homotopy theories are equivalent. Connective versions of these results also appeared in [Sch2, 4.4, 4 .5]; see also [SS2, 1.1] . In this paper we use symmetric spectra as our symmetric monoidal category of spectra; the results in Theorem 1.1 can be translated to other symmetric monoidal categories of spectra by using [MMSS] , [Sch1] or [S1] .
The comparison between HZ-module spectra and (unbounded) differential graded Z-modules, Ch in [SS1, Appendix B] is given by comparing each of these model categories to an intermediary category. This middle category is not monoidal, so this comparison cannot be lifted to the associated categories of monoids (HZ-Alg and DGA Z ). Here we construct a different comparison between HZ-Mod and Ch via three intermediary categories. The functors and categories involved in each of these Quillen equivalences are monoidal and satisfy the hypotheses developed in [SS2] for lifting Quillen equivalences to categories of algebras and modules.
In [SS2, Section 6] we consider monoids with many objects (or enriched categories) and their categories of (right) modules. In [SS2, 6.4] we then show that the Quillen equivalences in Theorem 1.1 extend to the categories of (right) modules over a symmetric ring spectrum with many objects. In Theorem 1.1 and elsewhere we could consider either right or left modules. We mention left modules in general because they are more standard, but right modules are what appear naturally in the classification results in [SS1] .
[ SS1, 3.3.3] shows that any stable model category C with a set of small generators G is Quillen equivalent to (right) modules over a symmetric ring spectrum with many objects, the endomorphism ring of G, E(G). Here we consider rational stable model categories; these are pointed model categories C where suspension is an invertible functor on the homotopy category and for any two objects X, Y the homotopy classes of maps [X, Y ] Ho C form a rational vector space. We classify rational stable model categories with a set of small generators as those model categories which are Quillen equivalent to (right) modules over a rational differential graded algebra with many objects (a rational DG-category).
Corollary 1.2. Let C be a cofibrantly generated, proper, simplicial, rational stable model category with a set G of small generators. Then there exists a differential Z-graded algebra with many objects A ∼ = Ψ(HQ ∧ cE(G)) and a chain of Quillen equivalences between C and the category of right A-modules. The objects of A correspond to the objects in G and there is an isomorphism of graded Q-categories between the homology category H * A and the full graded subcategory of Ho(C) with objects G.
For example, this corollary applies to the category of rational G-equivariant spectra for any compact Lie group G. In [S2] and [GS] this algebraicization is used to show that the explicit algebraic models given in [Gr99] and [Gr] are Quillen equivalent to the category of rational T n -equivariant spectra for T n the n-dimensional torus. For G finite this extends the results of [GM95, Appendix A] to incomplete universes; see [SS1, 5.1.2]. This corollary also applies to the rational motivic stable homotopy theory of schemes from [Jar98, Voe98] although no such explicit algebraic model is known.
Rationally, the Quillen equivalences in Theorem 1.1 should extend to categories of commutative rings and commutative algebras. We do not consider these extensions because these categories require different techniques. The following related statement, however, is simple to prove here and is used in the algebraicization of rational T n -equivariant spectra [GS] . Let Ψ be the composite functor appearing in Theorem 1.1 between HZ-algebras and differential Z-graded algebras.
Theorem 1.3. For C any commutative HQ-algebra, ΨC is weakly equivalent to a commutative differential Z-graded Q-algebra.
Acknowledgments: I would like to thank Stefan Schwede for many fruitful conversations on this material. In fact, this project grew out of a sequence of projects with him. In particular, Corollary 1.2 is really unfinished business from [SS1] and even appeared in various preprint versions (circulated with the title "Classification of stable model categories").
Z-graded chain complexes and Eilenberg-Mac Lane spectra
In this section we define the functors involved in comparing the category of Z-graded chain complexes of abelian groups, Ch, to the category of modules over the symmetric ring spectrum HZ. Unfortunately, we have not found an adjoint pair of monoidal functors between these two categories. Instead, we have a four step zig-zag of adjoint pairs where each pair has a lax symmetric monoidal right adjoint. Each of these four right adjoints induces Quillen equivalences on the associated model categories of algebras and modules and their composites establish the Quillen equivalences in Theorem 1.1.
For three out of four of these steps the pairs of functors are monoidally adjoint. Thus, the adjoint pairs induce adjoint pairs on the categories of modules and algebras and it is relatively easy to show these are all Quillen equivalences, following [MMSS, Section 16] for example. For one step though, the argument is a bit more involved. All four steps follow from the general framework of [SS2, 3.12] for extending Quillen equivalences to categories of algebras and modules, though. In fact, even for the three 'easier' steps this framework streamlines the proofs.
In Proposition 2.4 and 2.5 we state the properties required to apply [SS2, 3.12] for these four steps. The proofs of these statements are delayed to Section 4 and 3 respectively. The rest of this section is then taken up by the proofs of Theorem 1.1, Corollary 1.2 and Theorem 1.3.
The categories involved in the four step zig-zag are analogues of symmetric spectra as considered in [Hov00, Section 7]. We recall the basic definitions here.
Definition 2.1. Let Σ be the category with objects the sets n = {1, 2, . . . , n} for n ≥ 0 where 0 = ∅ and with morphisms the isomorphisms. The category of symmetric sequences in C is the functor category C Σ .
If C is a closed symmetric monoidal category then so is C Σ . Given an object K in C, define Sym(K) as the symmetric sequence (u, K, K ⊗K, . . . , K ⊗n , . . . ) where ⊗ is the monoidal product, u is the unit and Σ n acts on K ⊗n by permutation. Sym(K) is a commutative monoid in C Σ ; so we can consider the category of Sym(K)-modules.
Definition 2.2. The category of symmetric spectra over C, Sp Σ (C, K), is the category of modules over Sym(K) in C Σ .
In particular we consider Sp Σ (sAb, ZS 1 ), Sp Σ (ch + , Z[1]) and Sp Σ (Ch, Z[1]). Here sAb, ch + and Ch are the categories of simplicial abelian groups, non-negatively graded chain complexes and Z-graded chain complexes; ZS 1 is the reduced free simplicial abelian group generated by S 1 and Z[1] is the chain complex which contains a single copy of the group Z in dimension 1 considered as an object in ch + and Ch. To ease notation, we refer to these three categories as Sp Σ (sAb), Sp Σ (ch + ) and Sp Σ (Ch) from now on.
Next we define one of the adjoint functors involved in each of the four steps between Ch and HZ-Mod. Since ( ZS 1 ) ⊗n ∼ = ZS n with S n = (S 1 ) ∧n , the forgetful functor from simplicial abelian groups to pointed simplicial sets, S * , takes Sym( ZS 1 ) to the symmetric spectrum HZ defined in [HSS, 1.2.5 ]. This forgetful functor induces a functor U : Sp Σ (sAb) −→ HZ-Mod; we label its left adjoint by Z.
The next step is to compare Sp Σ (sAb) and Sp Σ (ch + ). Applying the normalization functor from sAb to ch + to each level induces a functor from Sp Σ (sAb) to the category of modules in (ch + ) Σ over N = N (Sym( ZS 1 )) = (N ZS 0 , N ZS 1 , N ZS 2 , . . . ). N is a commutative monoid since N is a lax symmetric monoidal functor. By identifying N ZS 1 as Z[1], we see there is a ring map φ : Sym(Z[1]) −→ N which in degree n is induced by the monoidal structure on N , [May67, 29.7 ]. The composite of N and forgetting along φ gives a functor φ * N : Sp Σ (sAb) −→ Sp Σ (ch + ). Let L denote its left adjoint; see [SS2, Section 3.3]. Note, if Γ : ch + −→ sAb denotes the inverse of N , then L is not isomorphic to Γφ * because Sym( ZS 1 ) −→ ΓN Sym( ZS 1 ) is not a ring map; see [SS2, 2.14] .
The inclusion of non-negatively graded chain complexes into Z-graded chain complexes induces a functor i : Sp Σ (ch + ) −→ Sp Σ (Ch) with right adjoint C 0 , the prolongation of the (-1)-connective cover; on each complex C 0 replaces degree zero by the zero cycles. Finally, evaluation at the zeroth level gives a functor Ev 0 : Sp Σ (Ch) −→ Ch with left adjoint F 0 [Hov00, 7.3].
To verify Theorem 1.1 we need to show that each of these adjoint pairs induces a Quillen equivalence not only on the given categories but also on the associated categories of algebras and modules. As mentioned above, sufficient conditions for lifting Quillen equivalences to categories of algebras and modules are given in [SS2, 3.12 ]. The main properties required are that C and D are monoidal model categories and R : C −→ D is lax monoidal and induces a Quillen equivalence between C and D. Here we simplify the following definitions from [SS2] by requiring that the unit objects are cofibrant, since this condition is met in every case here. Below is the main result of this paper, that each of the four adjoint pairs defined above is either a weak or strong monoidal Quillen equivalence. In the strong monoidal case λ and R induce adjoint functors on the categories of algebras and modules. In the weak monoidal case, R induces a functor on the categories of algebras and modules with varying left adjoints; see [SS2, 3.3 ]. This proposition is proved in Section 4.
Proposition 2.4. The following statements are proved as Propositions 4.2, 4.3, 4.4 and 4.5.
(1) (Sp Σ (sAb), HZ-Mod, Z, U ) is a strong monoidal Quillen equivalence. Moreover, U preserves all weak equivalences so the fibrant conditions in [SS2, 3.12] are unnecessary.
preserves all weak equivalences so again the fibrant conditions are unnecessary.
In addition to having a weak monoidal Quillen equivalence the following conditions are also required on these model categories to lift the equivalences to the associated categories of algebras and modules. Quillen invariance of modules is said to hold in a monoidal model category if any weak equivalence of algebras induces a Quillen equivalence between the associated categories of modules; see [SS2, 3.11] and [SS00, 4.3]. The following proposition is proved in Section 3.
Proposition 2.5. There are model structures on the categories of modules and algebras over the stable model structures on Sp Σ (sAb), Sp Σ (ch + ), Sp Σ (Ch) and HZ-modules with fibrations and weak equivalences defined on the underlying model category. Quillen invariance for modules also holds in each of these categories.
Theorem 1.1 then follows from [SS2, 3.12] which shows that weak (or strong) monoidal Quillen equivalences between model categories with the properties in Proposition 2.5 induce Quillen equivalences on the associated modules and algebras. Corollary 1.2 follows as well.
Proof of Theorem 1.1. Proposition 2.4 establishes the following four Quillen equivalences, displayed with the left adjoints on top.
As mentioned in the introduction, Ch and HZ-Mod were also shown to be Quillen equivalent in [SS00, 5.1.6], but the advantage of these four steps is that the right adjoint in each pair is monoidal. Then Part 1 for R = Z follows from the Quillen equivalences on the categories of monoids from Theorem 3.12, Part 3 from [SS2] . For an arbitrary discrete commutative ring R one can replace Z and abelian groups by R and R-modules in all of the statements in Propositions 2.4 and 2.5.
The functor Φ in Theorem 1.1, Part 2 is the composite functor Φ = U f Lc C 0 f F 0 c where c and f are the appropriate cofibrant and fibrant replacement functors of monoids. Part 2 then follows from repeated applications of Theorem 3.12, Parts 1 and 2 from [SS2] and Quillen invariance statements. Note, here we could have taken advantage of U preserving all weak equivalences and deleted one fibrant replacement.
The functor Ψ in Theorem 1.1, Part 3 is the composite functor Ψ = Ev 0 f icφ * N f Zc with c and f as above. Again Part 3 follows from repeated applications of Theorem 3.12, Parts 1 and 2 from [SS2] and Quillen invariance statements. Since φ * N and i preserve all weak equivalences one fibrant replacement and one cofibrant replacement could be deleted. In the proof of Theorem 1.3 it is particularly important that we have this simplified version, Ψ ′ = Ev 0 f iφ * N Zc.
Notice that statements similar to Parts 2 and 3 hold for modules over enriched categories (or rings with many objects) by Theorem 6.5, Parts 1 and 2 from [SS2] .
Proof of Corollary 1.2. In [SS1, 3.3.3] we show that any cofibrantly generated, proper, simplicial stable model category C with a set G of small generators is equivalent to (right) modules over E(G), the endomorphism ring spectrum of G (a symmetric ring spectrum with many objects) defined in [SS1, 3.7.5]. Since there is a natural isomorphism of the homotopy groups of E(G) and the graded homotopy classes of maps between elements in G by [SS1, 3.5.2], the homotopy groups of E(G) are rational when C is rational.
Consider a ring spectrum R with rational homotopy groups which is cofibrant as an underlying module, then the map R −→ HQ ∧ R is a stable equivalence of ring spectra. Since Q is flat over π s * , this follows from the spectral sequence for computing the homotopy of HQ ∧ R [EKMM, IV.4.1] and the Quillen equivalences of ring spectra established in [Sch1] . Similarly, if R is a ring spectrum with many objects with rational homotopy groups such that each R(i, j) is cofibrant as a module, then R −→ HQ ∧ R is a stable equivalence of ring spectra with many objects.
Quillen invariance then shows that Mod-E(G), Mod-cE(G) and Mod-(HQ ∧ cE(G)) are Quillen equivalent, where c denotes the cellular replacement of ring spectra (with many objects) from [SS2, 6.3]. Here we are using the fact that since the sphere spectrum is cofibrant, the cellular replacement is pointwise cofibrant as a module. Then Mod-(HQ ∧ cE(G)) is Quillen equivalent to the model category of differential Z-graded A = Ψ(HQ ∧ cE(G))-modules, Mod-A, by the many objects analogue of Theorem 1.1, Part 3. This analogue holds by Theorem 6.5, Parts 1 and 2 from [SS2] applied to each of the four adjoint pairs in Proposition 2.4. The necessary cofibrant and fibrant replacements for ring spectra with many objects follow from Theorem 6.3 from [SS2] .
Since ΦZ[0] is stably equivalent to HZ and Ψ and Φ induce an equivalence between the homotopy categories of differential Z-graded algebras and HZ-algebras, the calculation of H * A = H * Ψ(HQ ∧ cE(G)) follows from [SS1, 3.5.2] and the stable equivalence of E(G) and HQ ∧ cE(G).
Finally we end with a parial extension of these results to the commutative case.
Proof of Theorem 1.3. Most of the factors in Ψ are lax symmetric monoidal functors and hence strictly preserve commutative rings. The cofibrant and fibrant replacement functors of monoids involved in Ψ are not symmetric monoidal though. As mentioned above, since i and φ * N preserve all weak equiavlences there is a zig-zag of weak equivalences between ΨA and Ψ ′ A for A any HZalgebra with Ψ ′ = Ev 0 f iφ * N Zc. So now we only have two replacement functors to consider. So to show that Ψ preserves rational commutative rings up to weak equivalence we next show that there is a zig-zag of natural transformations, each of which induces a weak equivalences on any HQ-algebra, between Zc and a symmetric monoidal functor α * Q. We also define a functor f ′ on the commutative monoids in the category of spectra over rational chain complexes, Sp Σ (Ch Q ), such that for any commutative monoid C there is a weak equivalence Ev 0 f C −→ Ev 0 f ′ C where f is the fibrant replacement functor of monoids. Define Ψ ′′ = Ev 0 f ′ iφ * N α * Q. Since each of the factors in Ψ ′′ preserves commutative monoids, for any commutative HQ-algebra C, there is a zig-zag of weak equivalences between Ψ ′′ C, a rational commutative differential graded algebra, and Ψ ′ C and hence also ΨC. Similarly one can show that c Q −→ U Qc Q induces a weak equivalence on any HQ-algebra. Since U detects weak equivalences it follows that ZcA −→ Qc Q A is a natural weak equivalence of algebras on any HQ-algebra A.
Now consider the maps HQ α − → Q(HQ) β − → HQ given by the unit and multiplication of the monad structure on Q. Both of these maps induce isomorphisms on π * , so they induce two Quillen equivalences via extension and restriction of scalars, (α * , α * ), (β * , β * ), between the respective categories of algebras over Sp Σ (sAb) [HSS, 5.4 .5]. Since β • α = Id, α * β * = Id. So the functor Q can be rewritten as Q ∼ = β * Q ∼ = α * β * β * Q. The functor Q is a left Quillen functor since its right adjoint, the forgetful functor, preserves weak equivalences and fibrations. So Q preserves cofibrant objects and the Quillen equivalence (β * , β * ) induces a weak equivalence Qc Q −→ β * β * Qc Q . Since α * preserves all weak equivalences this gives a natural weak equivalence α * Qc Q −→ α * β * β * Qc Q ∼ = Qc Q . Finally, since Q also preserves all weak equivalences, there is a natural weak equivalence α * Qc Q −→ α * Q. This produces the promised zig-zag between Zc and α * Q. Notice, both α * and Q are symmetric monoidal functors, as required.
The required functor f ′ is constructed as the fibrant replacement functor for a model category on the commutative monoids in Sp Σ (Ch Q ) where a map is a fibration or weak equivalence if it is such on the underlying model category. Then for any commutative monoid C, since f ′ C is also fibrant as an underlying monoid, the lifting property implies one can extend the weak equivalence C −→ f ′ C over the trivial cofibration C −→ f C. This gives a weak equivalence f C −→ f ′ C. Since this is a weak equivalence between underlying fibrant objects, it is a level equivalence and hence Ev 0 f C −→ Ev 0 f ′ C is also a weak equivalence. Note, similar arguments do not work for cofibrant replacements because a cofibrant commutative monoid need not be cofibrant as an underlying monoid.
The arguments for establishing this model category on the commutative monoids in Sp Σ (Ch Q ) follow just as for the commutative symmetric ring spectra in [MMSS, Section 15] . Here though, one does not have to restrict to the positive model category because in Ch Q the map EΣ i −→ Q is a Σ i -weak equivalence. Hence the key lemma, [MMSS, 15 .5], applies for n ≥ 0 rather than n > 0 and for any cofibrant object in Sp Σ (Ch Q ). Thus the fibrations and weak equivalences can be defined as in the ordinary underlying model category for Sp Σ (Ch Q ) rather than the positive model category.
Monoidal model categories and the monoid axiom
In this section we prove Proposition 2.5. We use [SS00] to establish model categories and Quillen invariance on the categories of modules and algebras. The monoid axiom is the main property needed to extend a model structure on a monoidal model category to model structures on the associated categories of algebras and modules with the weak equivalences and fibrations being determined on the underlying category. If C is a monoidal model category, [Hov00, 8.11] shows that the stable model category defined in [Hov00] on Sp Σ (C) is also a monoidal model category. [Hov00] was not able to verify the monoid axiom in general though. In Proposition 3.3 we show that the monoid axiom does hold for Sp Σ (sAb), Sp Σ (ch + ), Sp Σ (Ch) and HZ-modules.
We follow the general approach for verifying the monoid axiom used in [HSS, 5.4] for Sp Σ (S * ), except that here not all objects are levelwise cofibrant in the stable model categories from [Hov00] . Instead, we consider an injective stable model category structure where all objects are cofibrant. We then refer to the stable model structure from [Hov00] as the projective stable model category. Throughout this paper we use 'injective' to refer to this new model category structure; so 'injective' implies certain lifting properties, and not necessarily 'monomorphism'.
Proposition 3.1. There is an injective stable model category on each of the categories Sp Σ (sAb), Sp Σ (ch + ) and Sp Σ (Ch) with cofibrations the monomorphisms, weak equivalences the (projective) stable equivalences from [Hov00] and fibrations the maps with the right lifting property with respect to the trivial cofibrations.
The reason these injective stable model categories are useful is that they are Quillen modules (in the sense of [Hov99, 4.2.18]) over the respective projective stable model categories. This notion generalizes the structure of simplicial model categories which in this language are Quillen modules over simplicial sets. The Quillen rings in this language are the monoidal model categories.
Ch is shown to be a monoidal model category in [Hov99, 4.2.13] and the proof obviously applies to ch + as well. This fact follows for sAb from [Qui67, SM7] by using the strong symmetric monoidal functor Z from pointed simplicial sets to sAb. The monoidal model category structures on the projective stable model categories of spectra over sAb, ch + and Ch follow from [Hov00, 8.11] since the generating cofibrations in each of these cases are maps between cofibrant objects. The monoid axiom on each of these categories then follows.
Proposition 3.3. The stable model structures on Sp Σ (sAb), Sp Σ (ch + ), Sp Σ (Ch) and HZmodules are cofibrantly generated, monoidal model categories which satisfy the monoid axiom. Quillen invariance for modules also holds in each of these categories.
Proposition 2.5 then follows from [SS00, 4.1] since all objects are shown to be small in Propositions 3.6 and 3.7.
The statements about HZ-modules follow from [SS00, 4.1 (2), 4.3] and [HSS, 5.4.2, 5.4.4]. The proofs of these three propositions are similar for each of the other cases so we consider in detail the case of Sp Σ (ch + ). For Sp Σ (Ch) and Sp Σ (sAb) one can follow the same outline at every stage. We first show that analogues of Propositions 3.1 and 3.2 hold for the associated level model categories. Lemma 3.4. There is an injective level model category on each of the categories Sp Σ (sAb), Sp Σ (ch + ) and Sp Σ (Ch) with cofibrations the monomorphisms, weak equivalences the level equivalences and fibrations the maps with the right lifting property with respect to the trivial cofibrations.
Proof. First consider the injective model structure on ch + with cofibrations the monomorphisms and weak equivalences the quasi-isomorphisms; see [Hov99, 2.3 .13] for the analogue on Ch. This model category is cofibrantly generated; a set of generating cofibrations I ′ contains a map from each isomorphism class of monomorphisms between countable chain complexes and J ′ is the set of weak equivalences in I ′ . Here the cardinality of a chain complex is given by the cardinality of the union of all of the levels.
The proof that the injective level model structure on Sp Σ (ch + ) forms a cofibrantly generated model category follows as in [Hov99, 2.3.13] Proof. Each part of the proof that the injective level model structure is a Quillen module over the projective level model structure follows from checking that the injective model structure on ch + is a Quillen module over the projective model structure on ch + [Hov99, 4.2.18]. This follows because the pushout product of a monomorphism with a projective cofibration is a monomorphism. If in addition one of these maps is a quasi-isomorphism, then so is the pushout product. This follows from applying the long exact sequence in homology to maps of cofiber sequences and the fact that if P is projective cofibrant then P ⊗ A is acyclic if either P or A is.
Proof of Proposition 3.1. The injective level model structure is left proper and cellular. Thus, we may localize with respect to the set of maps F = {F n+1 (A ⊗ Z[1]) −→ F n A} n≥0 for one object A from each isomorphism class of countable objects in Sp Σ (ch + ). See [Hov00, Section 2] for a brief summary of Bousfield localization; the definitive reference is [Hir00] . One could also use the machinery developed by Jeff Smith [Sm] to establish the existence of these local model categories because these categories are also left proper and combinatorial (cofibrantly generated and locally presentable, see Proposition 3.6); see also [Du01, Section 2]. Following [Hov00, 8.8] one can show that the F-local objects, or injective stably fibrant objects are the injective fibrant objects which are also Ω-spectra [Hov00, 8.6 ]. Using this we show that the class of injective stable (local) equivalences agrees with the class of stable equivalences defined in [Hov00, 8.7] for the projective stable model structure on ch + . By definition, a map f is an injective stable equivalence if and only if map(f, E) is a weak equivalence for any injective fibrant Ω-spectrum E.
Here map(f, E) is the homotopy function complex constructed in [Hov00, Section 2] or [Hov99, 5.4 ]. Any injective fibrant Ω-spectrum is also projective fibrant. By applying the injective fibrant replacement functor in the injective level model category, any projective fibrant Ω-spectrum is level equivalent to an injective fibrant Ω-spectrum. Thus, map(f, E) is a weak equivalence for any injective fibrant Ω-spectrum if and only if map(f, F ) is a weak equivalence for any projective fibrant Ω-spectrum. So f is an injective stable equivalence if and only if it is a projective stable equivalence.
Proof of Proposition 3.2. We now show that the injective stable model structure is a Quillen module over the projective stable model structure. The pushout product of an injective cofibration and a projective cofibration is an injective cofibration by Lemma 3.5. Next we show that − ⊗ Sym(Z[1]) F k (B) = − ∧ F k B is a left Quillen endofunctor on the injective stable model structure for B a countable projective cofibrant complex in ch + . This follows by [Hov00, 2.2] and Lemma 3.5, since this functor takes F to F up to isomorphism. In fact, for each map in F it just replaces A by A ⊗ B and n by n + k. Following the last paragraph of the proof of [Hov00, 8.11 ], this implies that the pushout product of an injective stably trivial cofibration and a projective cofibration is an injective cofibration and a stable equivalence.
Next using [Hov00, 2.2] we show that for any object A, A ∧ − is a left Quillen functor from the projective stable model category to the injective stable model category. Then the argument from [Hov00, 8.11] shows that the pushout product of an injective cofibration and a projective stably trivial cofibration is an injective stably trivial cofibration. First, A ∧ − is a left Quillen functor on the level model categories by Lemma 3.5.
Next, consider the projective cofibrant replacement A c which is level equivalent to A. Since the projective stable model category is a monoidal model category by [Hov00, 8.11 ], A c ∧ − preserves projective stably trivial cofibrations. From Lemma 3.5 we see that for a projective cofibrant object X, the functor − ⊗ X preserves injective level trivial cofibrations. Thus, by Ken Brown's lemma [Hov99, 1.1.12], − ⊗ X also preserves level equivalences between injective cofibrant objects, i.e. all level equivalences. Hence A⊗− is level equivalent to A c ⊗− on projective cofibrant objects. This shows that A ∧ − takes the maps in F to weak equivalences because the maps in F are maps between projective cofibrant objects. This completes the verification of the hypotheses of [Hov00, 2.2].
Proof of Proposition 3.3. The monoid axiom for the projective stable model category immediately follows from Proposition 3.2. Any object A is injective cofibrant, so A ∧ − takes projective stably trivial cofibrations to injective stably trivial cofibrations by Proposition 3.2. Then pushouts and directed colimits of injective stably trivial cofibrations are again injective stably trivial cofibrations. Since the injective stable equivalences agree with the projective stable equivalences this establishes the monoid axiom.
The Quillen invariance statements also follow. For X a projective cofibrant object, − ⊗ X preserves injective stably trivial cofibrations and hence preserves stable equivalences between injective cofibrant objects, i.e. all stable equivalences. Similarly, for M a projective cofibrant R-module, − ∧ R M preserves all stable equivalences. So the Quillen invariance statements follow from [SS00, 4.3].
Finally, we verify the requirement that each object is small; see Proposition 3.7. Proposition 3.6. Each of the categories HZ-Mod, Sp Σ (sAb), Sp Σ (ch + ), Sp Σ (Ch) and Ch is locally presentable. The categories of monoids, modules and algebras over these categories are also locally presentable.
Proof. First Ch is locally presentable by [AR94, 1.20] because the set {D n } n∈Z is a strong generator with each object finitely presentable; see [AR94, 0.6, 1.1]. Here D n is the acyclic chain complex with all degrees zero except D n = Z and D n−1 = Z. Also, the category of simplicial sets, S, is locally presentable by [Bor94, 5.2.2b] because it is set-valued diagrams over a small category.
[Bor94, 5.5.9] and [Bor94, 5.3.3, 5.7.5] show that any category of algebras over a locally presentable category over a monad which commutes with directed colimits or any functor category from a small category to a locally presentable category is again a locally presentable category. Since each category here can be built using these two methods from Ch or S, the statement follows.
Any object in a locally presentable categories is small; see [AR94, 1.13, 1.16, 1.17] or [Bor94, 5.2.10]. Thus, the small object argument applies to any set of maps; see [SS00, 2.1], [DS95, 7.12 ]. This is then used in [SS00] to construct the model structures on the categories of algebras and modules.
Proposition 3.7. Each object in a locally presentable category is small relative to the whole category.
Proof of Proposition 2.4
Before considering each of the four parts of Proposition 2.4 separately, we identify the generating cofibrations and fibrations in Sp Σ (sAb). These are useful in the two parts involving this model category. Let Z : S * −→ sAb be the functor such that Z(K) n is the free abelian group on the non-basepoint simplices in K n . Proof. Define U : Sp Σ (sAb) −→ Sp Σ (S * ) by composing U with the forgetful functor from HZmodules to underlying symmetric spectra. The left adjoint of U is defined by applying Z to each level. We apply the lifting theorem for cofibrantly generated model categories from [SS00, 2.3] . This then creates a cofibrantly generated model category on Sp Σ (sAb) with generators Z(I) and Z(J) where I = F I ∂ and J = F I Λ ∪ K are defined in [HSS, 3. 3.2, 3.4.9]. The weak equivalences and fibrations are the maps which are underlying weak equivalences and fibrations in Sp Σ . This model structure agrees with the stable model structure defined in [Hov00] because the cofibrations and fibrant objects agree and hence the weak equivalences also agree.
To apply this lifting theorem we verify the first criterion stated in [SS00, 2.3]; we show that for the generating trivial cofibrations in Sp Σ , pushouts and directed colimits of Z(J) in Sp Σ (sAb) forget to weak equivalences in Sp Σ . Both Z and U preserve level equivalences and level cofibrations, so pushouts and directed colimits of Z(F I Λ ) forget to level equivalences in Sp Σ . There is a map HZ ∧ S F n+1 S 1 −→ U ZF n+1 S 1 which induces an isomorphism on stable homotopy groups and hence is a stable equivalence by [HSS, 3.1.11]. The map HZ∧ S F n+1 S 1 −→ HZ∧ S F n S 0 is a stable equivalence by [HSS, 5.4 .1] and Ken Brown's lemma [Hov99, 1.1.12]. Since U ZF n S 0 ∼ = HZ∧ S F n S 0 , this implies that U Zλ n is a stable equivalence for λ n : F n+1 S 1 −→ F n S 0 as in [HSS, 3.4.9] . It then follows that each map in U Z(J) is a level cofibration and a stable equivalence. The necessary criterion follows since pushouts and directed colimits preserve such stable equivalences by the proof of [HSS, 5.4 .1]. Now we verify the four parts of Proposition 2.4 separately in Propositions 4.2, 4.3, 4.4 and 4.5. In each case we need to show that the adjoint pair is a weak (or strong) monoidal Quillen pair, see Definition 2.3, and that it is a Quillen equivalence. Proposition 4.2. (Sp Σ (sAb), HZ-Mod, Z, U ) is a strong monoidal Quillen equivalence. Moreover, U preserves all weak equivalences so the fibrant condition in [SS2, 3.12] is unnecessary.
Proof. Since U Sym( ZS 1 ) ∼ = HZ and the forgetful functor from sAb to simplicial sets is lax symmetric monoidal, it follows that U is lax symmetric monoidal. The left adjoint of U is given by Z(X) = Z(X)∧ Z(HZ) HZ. Applying Z to each level of an HZ-module produces a Z(HZ)-module.
The monad structure on Z induces the necessary ring homomorphism Z(HZ) −→ HZ. This functor, Z, is strong symmetric monoidal. Here η : Z(HZ) −→ Sym( ZS 1 ) is an isomorphism and both units are cofibrant so this pair is a strong monoidal Quillen pair.
Using the identification in Proposition 4.1 of the weak equivalences and fibrations of Sp Σ (sAb), it is clear that U : Sp Σ (sAb) −→ HZ-Mod detects and preserves weak equivalences and fibrations. Hence, U and Z form a Quillen adjoint pair and induce adjoint total derived functors U and Z on the homotopy categories. Since U detects and preserves weak equivalences we only need to check that ψ : Id −→ U Z is an isomorphism by [HSS, 4.1.7]. These functors are exact and ψ is an isomorphism on HZ, so ψ is an isomorphism on the localizing subcategory generated by HZ. Since HZ detects the weak equivalences in HZ-modules it is a generator by [SS1, 2.2.1] and this localizing subcategory is the whole category. Proof. Since normalization from sAb to ch + is a lax symmetric monoidal functor, its prolongation N : Sp Σ (sAb) −→ N -Mod is also lax symmetric monoidal. Recall, N = N (Sym( ZS 1 )). Since φ : Sym(Z[1]) −→ N is a ring homomorphism between commutative monoids, pulling back modules φ * : N -Mod −→ Sp Σ (ch + ) is also a lax symmetric monoidal functor.
To show that φ * N is the right adjoint of a Quillen equivalence and preserves all weak equivalences, we establish this for each factor separately. The model category on N -Mod has underlying weak equivalences and fibrations, as defined by applying [SS00, 4.1]. Hence φ * preserves all weak equivalences by definition. Since in degree n the map φ is induced by the monoidal structure on N , (Z[1]) ⊗n ∼ = (N ZS 1 ) ⊗n −→ N ( ZS 1⊗n ), it is a level weak equivalence by [May67, 29.4, 29.7 ]. By the Quillen invariance property from [SS00, 4.3] verified in Proposition 3.3, φ * is the right adjoint of a Quillen equivalence.
For the normalization functor, we first show that N preserves all equivalences. Since normalization takes weak equivalences in sAb to weak equivalences in ch + , N preserves all levelwise weak equivalences. Given any stable equivalence it can be factored as a stably trivial cofibration followed by a stably trivial fibration. Since stably trivial fibrations are levelwise equivalences, we only need to show that N takes stably trivial cofibrations to stable equivalences. We proceed by showing that N takes the generating stably trivial cofibrations to stable equivalences which are also monomorphisms, that is injective trivial cofibrations. Since N commutes with colimits and injective trivial cofibrations are preserved under pushouts and directed colimits, this then shows that N takes each stably trivial cofibration to a stable equivalence.
Recall from Proposition 4.1 that a set of generating stably trivial cofibrations for Sp Σ (sAb) is given by applying Z to the generating stably trivial cofibrations in Sp Σ from [HSS, 3.4.9]. Since N preserves level equivalences and monomorphisms, it is enough to show that N of the map λ n ∧X : ZF S * n+1 (X ∧S 1 ) −→ ZF S * n X is a stable equivalence. Here we have added a super-script to denote F C n : C −→ Sp Σ (C). Note that in level k,
. Thus the weak equivalence N ZX ⊗ N ZA −→ N Z(X ∧ A), induced by the monoidal structure on N , induces a levelwise weak equivalence N ⊗
Since φ is a weak equivalence, N ⊗ Sym(Z[1]) − is a left Quillen functor by Proposition 3.3. So it preserves stable equivalences between cofibrant objects. Thus, N (λ n ∧ X) is level equivalent to a stable equivalence and hence is itself a stable equivalence.
We now show N : Sp Σ (sAb) −→ N -Mod is the right adjoint of a Quillen equivalence. Denote its left adjoint by L ′ . Since N : sAb −→ ch + preserves weak equivalences and fibrations, the prolongation preserves fibrations and weak equivalences between fibrant objects because they are levelwise fibrations and weak equivalences [Du01, A.3]. By [Du01, A.2], this shows N is a right Quillen functor. N also detects weak equivalences between fibrant objects, so by [HSS, 4.1.7] we just need to show that ψ : X −→ N L ′ X is an isomorphism for all N -modules X. First consider the unit N = N ZS. Since N commutes with evaluation at level zero (in sAb or ch + ), the associated left adjoints also commute. So L ′ of the free N -module on Z[0] is isomorphic to the free Sym( ZS 1 )-module on ΓZ[0]; that is, L ′ N = L ′ N ZS ∼ = ZS = Sym( ZS 1 ). Since N preserves all weak equivalences N ∼ = N , so ψ is an isomorphism on N ZS. Since both model categories here are stable N and L ′ are both exact functors. Thus ψ is an isomorphism since N = N ZS is a generator for N -modules.
We Proof. Since fibrations in ch + are the maps which are surjections above degree zero, C 0 : Ch −→ ch + preserves fibrations and weak equivalences. Thus, C 0 preserves fibrations and weak equivalences between stably fibrant spectra because they are levelwise fibrations and weak equivalences [Du01, A.3]. So by the criterion given in [Du01, A.2], i and C 0 form a Quillen adjunction on the stable model categories. For an Ω-spectrum X each negative homology group at one level is isomorphic to a non-negative homology group at a higher level, H −k X n ∼ = H 0 X n+k for k ≥ 0. Thus the functor C 0 also detects weak equivalences between fibrant objects. So by [HSS, 4.1.7] to show (i, C 0 ) is a Quillen equivalence it is enough to check that the derived adjunction is an isomorphism on the generator. Since Sym(Z[1]) is concentrated in non-negative degrees, this follows.
Since the inclusion i : ch + −→ Ch is strong symmetric monoidal and i(Sym(Z[1]) ∼ = Sym(Z[1]), the prolongation of i is also strong symmetric monoidal. Similarly, C 0 : Ch −→ ch + is lax symmetric monoidal and so is its prolongation. Since both units are cofibrant, this pair is thus a strong monoidal Quillen pair.
Finally, we consider the adjoint pair of functors F 0 and Ev 0 between Sp Σ (Ch) and Ch.
Proposition 4.5. (Sp Σ (Ch), Ch, F 0 , Ev 0 ) is an applicable Quillen equivalence.
Proof. Since Ch is a stable model category, these adjoint functors are a Quillen equivalence by [Hov00, 9.1 ]. Both of these functors are strong symmetric monoidal functors. Since both units are cofibrant, this pair is a strong monoidal Quillen pair.
